ABSTRACT In this paper, a minimum-time motion online planning (MTMOLP) method is proposed for underactuated overhead crane systems within both safety and physical constraints. First, the motion process is divided into seven stages by analyzing the coupling between trolley movement and payload swing, and a minimum-time motion planning problem and the expression of its solution are presented. Second, a state prediction method based on the payload swing energy is given to compute the solution of the motion planning problem in real time. Finally, several simulations and experiments are conducted to verify the feasibility and effectiveness of the proposed method. The results show that the MTMOLP method can obtain the solution of the minimum-time motion planning problem with spending very little time on the computing process. Therefore, it can be applied to the online motion planning of the overhead cranes. Furthermore, the motion process division by the coupling analysis can also provide a reference for the underactuated control of overhead crane systems.
I. INTRODUCTION
The safety and work efficiency of overhead crane systems are of great significance in practical applications. In particular, the performances of anti-swing and fast positioning are considered to be a pair of important indexes for industrial cranes. However, fast trolley positioning and small payload swing conflict with each other due to the high coupling between the payload swing and the trolley acceleration or deceleration. Moreover, overhead cranes belong to a type of underactuated systems. It is very difficult and challenging to design a high performance controller for crane systems [1] - [4] .
Many control schemes have been presented for overhead cranes in the past decades, such as sliding-mode control [5] , [6] , adaptive control [7] , fuzzy control [8] , adaptive sliding-mode control [9] , [10] , energy storage functionbased control [11] , trajectory planning methods [12] , [13] , input shaping control [14] , [15] , adaptive fuzzy sliding-mode control [16] , [17] , model predictive control [18] , nonlinear
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control [19] - [23] . Most of the above methods have a certain adaptability and robustness to cope with model uncertainties as well as external disturbances. The payload can be accurately transported to a desired position, and meanwhile, the payload swing is suppressed and eliminated obviously. Particularly, the adaptive nonlinear controller designed by Sun and Fang [21] can achieve good anti-swing performance for the payload horizontal transportation and lowering.
For some indoor applications, the mathematical model of the crane system is relatively accurate. The uncertainties of the models and parameters can be ignored, and there are fewer external disturbances [12] . Although the aforementioned control methods can be applied and good anti-swing performance can be achieved, the transportation rapidity is not optimum due to paying more attention to system stability. Aiming at this problem, some scholars have pointed out that the transportation efficiency of cranes can be improved by using the optimal control or the minimum-time trajectory planning methods. In [24] , an optimal control strategy is proposed with performance index functions. But the ideal anti-swing effectiveness cannot be achieved due to lack of a guaranteed global optimization package. Several trajectory planning methods are presented to optimize the transportation time under various constraints of the trolley velocity, acceleration, and payload swing angle during the whole transportation process [25] , [26] . In [25] , the control trajectory is parameterized to be a B-spline curve with unknown parameters, which are calculated by an optimization algorithm. In [26] , the quasiconvex optimization technique is introduced to acquire the minimum-time solution, which can meet various constraint conditions. It has shown excellent effectiveness in the antiswing and motion time. However, it belongs to an offline method, whose computing process needs to cost too much time, resulting in hardly running in practical application.
In summary, most existing relevant works mainly focus on how to suppress the undesirable payload swing in the whole transportation process of overhead cranes, whereas less effort is made to acquire minimum transportation time in real time under various physical and safety constraints. The existing minimum-time methods need to use the optimization algorithms to calculate the optimal solution. Unfortunately, these algorithms can only obtain some offline solutions in industrial controller. It prevents the overhead cranes from achieving highly efficient transportation in practical applications.
In this paper, a minimum-time motion online planning (MTMOLP) method is proposed to obtain high transportation efficiency under the state and control constraints, including the bounded payload swing angle, the trolley velocity, and acceleration. The motion process is divided into seven stages by analyzing the coupling between trolley movement and payload swing, and a minimum-time motion planning problem and the expression of its solution are presented. In order to obtain the parameters in the expression in real time, we present a state prediction method based on the swing energy conservation. Some simulations and experiments are conducted to verify the effectiveness of the proposed method.
Briefly speaking, the main contribution lies as follows.
1) The minimum-time motion planning problem of overhead crane systems and the expression of its solution are given simultaneously. 2) The state prediction method based on the swing energy conservation is proposed to calculate the parameters of this expression.
3) The proposed method can achieve the minimum-time motion online planning for overhead cranes so that their transportation efficiency can be improved significantly in practical application. The remainder of the paper is organized as follows. Section 2 presents the crane model and the minimum-time motion planning problem. Section 3 gives the coupling analysis and the solution form of the planning problem. In section 4, the details of the online solving method are provided. Then the simulation and experimental results are illustrated and discussed in section 5. Finally, the conclusion is given in section 6. Figure 1 shows the overhead crane system model, including a rail, trolley, and payload. It is assumed that o is the origin of the trolley movement whose positive direction is to its right, and that the gravity axis and its right are the zero angle of payload swing and the positive direction of payload swing, respectively. x, θ , l, and g denote the trolley position, the payload swing angle, the rope's length and the gravity acceleration, respectively. Taking into account that the trolley horizontal movement generally occurs after the crane has hoisted the payload to a certain height, the change of the rope's length can be disregarded. According to the Lagrange equation, the dynamics model of overhead cranes can be expressed as [26] lθ +ẍcosθ + gsinθ = 0.
II. SYSTEM DESCRIPTION
(
From (1), it can be seen that there exists a nonlinear coupling between the trolley movement and the payload swing. It is extremely difficult to directly compute the influence of the trolley movement on the payload swing.
In order to achieve high transportation efficiency, the final arrival time t f is chosen as the performance index of the controller such that:
Without loss of generality, suppose the initial time t 0 = 0 in the analysis of this paper. The trolley acceleration and velocity should be bounded due to being restricted by the crane mechanical structure and the servo motor capacity. With consideration of the safety factor in industrial applications, the payload swing angle should be limited in a desired range. Therefore, the constraints of crane systems are expressed as follows:
where a m , v m , and θ m are the maximum acceleration, the maximum travelling velocity, and the maximum swing angle, respectively. The trolley is expected to arrive at the destination accurately, and meanwhile, the payload stops VOLUME 7, 2019 swinging. Hence, the final state of the system needs to meet the following boundary conditions:
where x f is the desired position. Without loss of generality, suppose x f > 0 in the following analysis. For the convenience of calculation, the trolley accelerationẍ is chosen as the controller output u(t). Therefore, the minimum-time motion planning problem of crane systems can be summarized as
In order to achieve the minimum t f under the above constraints, the minimum-time motion controller is developed and given in figure 2. The constraints and the desired position are set in initial configurations. The minimum-time motion planning problem is solved by calculating the payload swing energy and predicting the maximum velocity and final position. The details are given in Sections III and IV. 
III. MINIMUM-TIME MOTION PLANNING
The minimum-time motion planning problem includes multiple constraints, resulting that it can be hardly solved directly. This section is accordingly organized into two subsections. In the first subsection, the planning problem is divided into seven motion stages according to the system dynamics analysis. Then, the second subsection defines a motion planning sub-problem for each motion stage and gives the expression of the solution.
A. COUPLING ANALYSIS AND MOTION PROCESS DIVISION
A complete transportation process of overhead cranes usually consists of three stages: acceleration stage, uniform moving stage, and deceleration stage. During the acceleration or deceleration stage, the trolley movement inevitably causes the payload to swing. In the uniform moving stage, the payload swing is only related to the initial state of its swing angle. But, it is found that the payload and the trolley can remain relatively static (the payload swing angle being constant) in the acceleration, deceleration, or uniform moving stage, if their state meets some certain conditions. These conditions can be obtained by analyzing the coupling between the trolley movement and payload swing. The forces balance state of payload and trolley during the acceleration or deceleration process is shown in Figure1. If the payload swing angle remains unchanged, according to Newton's second law, the trolley's acceleration should meeẗ x = −gtanθ (θ < 0) and the payload swing rateθ = 0. If θ = −θ m , the trolley will move at the maximum positive accelerationẍ = gtanθ m , with meeting the constraint of the maximum swing angle. If the maximum acceleration a m ≥ gtanθ m , the control condition is expressed as
If a m < gtanθ m , considering that the controller output should meet the constraint in (3), the maximum swing angle must be modified as follows:
From (1) and (6), we haveθ (t) = 0,θ (t) = 0, and θ (t) = θ m . It indicates that the payload swing angle does not change and the trolley can move as fast as possible under the swing angle and acceleration constraints.
If the trolley moves at a constant speed limited by its maximum velocity, the trolley accelerationẍ (t) = 0. According to (1) , the payload swing is only related to its initial state in the uniform moving stage. The condition is
where θ init is the initial swing angle of the uniform moving stage. If the conditions in (6) and (8) are met, the trolley movement will cause less payload swing. Therefore, by using these control conditions, the difficulty of solving the problem (5) can be reduced significantly. In order to design a solution of the problem (5) that meets the conditions in (6) and (8), the transportation process of overhead cranes is divided into seven stages.
a) The first acceleration stage.
b) The second acceleration stage. c) The third acceleration stage.
d) The uniform moving stage (may not exist).
e) The first deceleration stage.
f) The second deceleration stage. g) The third deceleration stage. The payload swing angle is effectively controlled in the first acceleration stage, so that the condition (6) can be met in the second acceleration stage. The payload swing angle is controlled to meet the condition (8) in the third acceleration stage, and then it will turn into the uniform moving stage. The three deceleration stages are similar to the acceleration stages, except that the payload swing angle is controlled to meet the final condition (4) in the third deceleration stage. The problem (5) can be divided into seven sub-problems that are corresponding to these seven stages. The details of each sub-problem are given in the next subsection.
B. MOTION PLANNING SUB-PROBLEMS AND THEIR SOLUTION FORMS
The first acceleration stage is designed to make the system enter the second acceleration stage as fast as possible, so its final state (the initial state of the second acceleration stage) must meet condition (6) . The first sub-problem can be expressed as
where t 2 is the final time in the first sub-problem. In order to ensure that the solution has minimum moving time, that the control variable u(t) has the minimum switching times, and that the trolley does not decelerate in the acceleration process, the solution of the sub-problem (9) is supposed as
where t 1 is the switching time.
The third acceleration stage is used to make the system switch from the second acceleration stage to the uniform moving stage successfully, so its initial state and final state must meet the conditions (6) and (8), respectively. The third sub-problem can be formulated as
where t 3 and t 5 is the initial time and final time of the third acceleration stage, respectively. The sub-problem (11) can be interpreted as a reverse motion process of the first subproblem (9) . Therefore, the solution of (11) can be defined as
where t 4 represents the switching time in this sub-problem. The first or third deceleration stage can be regarded as a sub-problem similar to (9) or (11), in which the trolley acceleration is negative and the payload swing is positive. Let t 6 , t 7 , and t 8 be the initial time, switching time, and final time of the first deceleration stage, respectively. t 9 , t 10 , and t 11 represent the initial time, switching time, and final time of the third deceleration stage, respectively. The second acceleration stage, the uniform moving stage, and the second deceleration stage should meet the conditions (6) and (8) . The control variable u(t) is defined as
Therefore, the solution of the minimum-time motion planning problem (5) is summarized as follows:
−a m t 10 ≤ t < t 11 (14) In this section, u(t) is designed as a piecewise-defined function for solving the problem (5). However, each switching time needs to be calculated. In the next section, the state prediction method based on the payload swing energy conservation is presented to compute the switching time in real time.
IV. ONLINE CALCULATION OF SWITCHING TIME
In order to obtain the switching time of the control variable u(t) in (14), we propose the maximum swing angle prediction method based on the payload swing energy conservation and the state prediction method of the maximum velocity and final position. The details of calculating processes are shown in figure 3 . It is easy to compute the switching time of u(t) by using the system model or detecting the real-time state of cranes.
A. PREDICTION OF MAXIMUM SWING ANGLE BASED ON SWING ENERGY CONSERVATION
The direct calculation of t 1 and t 2 in (10) is generally very complicated even if the system model is linearized. And the linearization technique may result in some residual swing of the payload. In this paper, t 1 is computed by using the maximum swing angle prediction approach based on the swing energy conservation principle. And t 2 is obtained by detecting zero-crossing of the payload swing rate. The proposed method does not require any linearizing processing for the system model and can obtain a precise solution.
The trolley is defined as the frame of reference. The payload potential energy is set to zero if the payload swing angle is zero. The payload swing energy consisting of gravitational potential energy and kinetic energy is defined as where θ(t),θ(t), and l can be measured with some proper sensors in the real crane systems. If the condition in (6) is met, the payload only has gravitational potential energy, which can be expressed as follows:
According to (1) , (6), and (14), if 0 ≤ t < t 1 , u(t) = a m and the payload swing energy continuously increases; if t 1 ≤ t < t 2 , u(t) = 0 and the payload swing energy does not change due to the lack of external force. Thus,
If the desired position is far from the initial position, the payload swing angle has sufficient time to reach the boundary. Thus, (17) can be used to obtain t 1 , while t 2 can be acquired by the following formula:
If the desired position is near to the initial position, the payload swing angle has no chance to reach the limit. Some additional conditions will be given for computing t 1 in the next subsection.
The sub-problem (11) can be interpreted as a reverse motion process of the sub-problem (9) . Hence, t 4 and t 5 can be acquired by
The acceleration and deceleration processes are symmetric, therefore the computation of t 7 , t 8 , t 9 , t 10 , and t 11 are as follows: In order to ensure that crane systems meet the velocity and position constraints in (5), the system future state needs to be predicted, including the maximum velocity max(|ẋ(t)|) and the final position x(t f ). If 0 ≤ t < t 1 , max(|ẋ(t)|) and x(t f ) need to be predicted, so that u(t) can switch exactly. It can guarante that the system enters the uniform moving stage with the maximum velocity and arrives at the desired position accurately. According to (1) and (14), the switching conditions based on the prediction of the maximum velocity and final position are as follows:
whereθ represents the maximum swing angle that the payload can reach, which can be estimated with the payload swing energy conservation as follows:
If the system state firstly meets one of the conditions in (17), (26) , and (27), the switching time t 1 is at this point. If t 2 ≤ t < t 3 , the switching time t 3 has a major impact on the future state of velocity and the final position. The switching conditions are
where x 2 andẋ 2 represent the trolley position and the trolley velocity at the time t 2 , respectively. The numerical value of t 3 is the time when one of the conditions in (29) and (30) is firstly satisfied. If t 5 ≤ t < t 6 , the final position x(t f ) must be predicted to meet the final state condition in (5). The formula is as follows:
where x 5 represents the trolley position at the time t 5 . Hence, t 6 can be acquired if (31) is valid.
With the above equations, u(t) can be computed in real time. 
V. SIMULATION AND EXPERIMENTAL RESULTS

A. SIMULATION
Several numerical simulations have been conducted to verify the feasibility and effectiveness of the proposed MTMOLP method with different constraints and desired positions. The proposed method is compared with the existing approaches, including the phase plane-based trajectory planning method (PPBM) [12] and the minimum-time trajectory planning (MTTP) [26] . The PPBM method uses the primary threesegment acceleration trajectory so that it can be programed. The simulations are implemented in MATLAB and run on an I7-4790 processor (3.6 GHz) and 16G RAM computer. For the convenience of comparison, the trolley acceleration is chosen as the controller output and the simulation parameters are the same as those in [26] . The rope's length and the gravitational constant are set as l = 1.2 m, g = 9.8 m/s 2 , Considering the feasibility of the online planning, the initial state conditions are set as follows:
(33) Figure 4 shows the comparative simulation results with θ m = 0.1 rad and x f = 10 m, which is the same as the result in [26] . It can be seen that the position and velocity trajectories using the proposed MTMOLP method are almost as same as those using the MTTP method. The payload swing trajectory of the proposed MTMOLP method is different from that of the MTTP approach. In the MTTP simulation, VOLUME 7, 2019 the payload swings during the uniform moving stage. However, in the MTMOLP simulation, the payload has some swing only in the acceleration and deceleration stages and has no swing during the uniform moving process. An underlying reason is that the MTMOLP method uses a different acceleration trajectory that takes into account the coupling between the trolley movement and the payload swing. The transportation time of the proposed MTMOLP approach is 7.76 s, and is much closed to the arriving time of the MTTP approach (7.68 s). Compared with the PPBM method, the proposed MTMOLP approach spends much more time to stay at the boundary of payload swing angle, but it has much less arriving time. We change the swing angle constraint and the desired position, and the comparative simulation results are illustrated in figures 5 and 6, respectively. Figure 5 shows that the payload swing still exists in the uniform moving stage of the MTTP method, when x f = 15 m. Figure 6 shows that Table 1 . The computing time of each method indicates that the proposed MTMOLP and PPBM methods can obtain online solutions. The root-mean-square (RMS) of swing angle of the MTTP method is much more than that of the proposed method.
B. EXPERIMENTAL RESULTS
A miniature test platform is used to demonstrate that the proposed method works well in real engineering applications, which is shown in figure 7 . The test parameters are as follows: 
Due to the small motion range of our test platform, the value for velocity constraint is set smaller than that in simulation so that the velocity constraint can really have functions in the transportation experiment. In the experiments, an integrator is added to obtain the velocity setting value which is the input of the servo driver. The comparative results between experiments and simulation are given in figures 8 and 9. It is clear to see that there is almost no difference in the trajectories of the practical position and the simulation position. Although some sensor noises exist in the experimental results, it can be seen that the practical velocity and payload swing angle trajectories are much closed to those in the simulation. If the swing angle boundary is set as 0.1 rad as shown in figure 8 , the system state firstly meets the condition in (26) that is related to the velocity constraint and the payload has not enough time to reach the swing angle boundary (0.1 rad). If the swing angle constraint is reduced to 0.05 rad as shown in figure 9 , the payload swing angle can reach the setting boundary and does not change in the second acceleration or deceleration process. Under each swing angle constraint, there is no residual swing when the system arrives at the target position. The real arriving time in the experiments is almost equal to the time in the simulation as illustrated in table 2. The experimental results demonstrate that the proposed MTMOLP method is feasible and effective under different constraints in the real controller.
VI. CONCLUSION
For the minimum-time motion planning problem of overhead crane systems, most of state-of-the-art methods need to use the offline optimization algorithms, while few of them is able to work in practical applications. This paper proposes an online planning method, which designs a specific acceleration trajectory with consideration of the coupling between the trolley movement and the payload swing. More specifically, the planning problem is divided into seven sub-problems, and the expression of its solution is given simultaneously. Then, the swing energy-based state prediction method is presented to compute the minimum-time solution in real time. The simulation and experimental results demonstrate the validity and practicality of the MTMOLP method. The results show that the MTMOLP method can obtain the solution of the minimum-time motion planning problem and spends very little time on computing process. It should be noted that the proposed method does use a simple model and does not consider the disturbance. Because of this, it can achieve the minimum-time motion online planning, and is applicable for the control of indoor cranes. Future work includes the minimum-time motion online planning method that considers the nonzero initial state. In 2010, he joined Shandong University, where he is currently an Associate Professor with the School of Control Science and Engineering. His current research interests include the optimal control of engineering and the optimization of combined cooling, heating, and power systems.
